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Abstract
Fermions constitute an important component of matter and their quantization in presence of dy-
namical gravity is essential for any theory of quantum gravity. We revisit the classical formulation
adapted for a background free quantization. The analysis is carried out with the Hilbert-Palatini
form for gravity together with the Nieh-Yan topological term which keeps the nature of Barbero-
Immirzi parameter independent of inclusion of arbitrary matter with arbitrary couplings. With
dynamical gravity, a priori, there are two distinct notions of ‘parity’− orientation reversing dif-
feomorphisms and improper Lorentz rotations. The invariance properties of the action and the
canonical framework are different with respect to these and gravitational origin of parity violation
seems ambiguous.
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I. INTRODUCTION
Incorporation of fermions in the background free quantum theory gravity has been dis-
cussed in the literature [1]. In the formulation of general relativity in terms of real SU(2)
connection, Thiemann discussed loop quantization of standard model fields [2]. The fermions
were treated in the second order form i.e. fermions couple to gravity through the spin con-
nection (torsion free Lorentz connection). Perez and Rovelli returned to fermions in presence
of the Holst term and found that its coefficient playing the role of the inverse of the Barbero-
Immirzi parameter, γ, becomes classically observable [3]. Mercuri [4] discovered that with a
further addition of suitable non-minimal fermionic couplings, γ can be made classically un-
observable. He also noted that these added terms (Holst plus non-minimal) can be expressed
as the Nieh-Yan topological term once the connection equations of motion are used. The
strategy of adding non-minimal couplings to keep γ classically unobservable was followed for
N = 1, 2 and 4 supergravities also [5]. Canonical analysis and loop quantization of fermions
with non-minimal couplings was discussed by Bojowald and Das [6]. It was subsequently
realised that γ will automatically be classically unobservable provided it is the (inverse) of
the coefficient of the Nieh-Yan term (a total divergence) in the Lagrangian density. Thus,
instead of the Holst terms alone, if the Nieh-Yan term (Holst + torsion2 piece) is used in
conjunction with the Hilbert-Palatini, then for arbitrary matter and their couplings, the γ
will drop out of the classical equations of motion. Furthermore, it is possible to systemati-
cally derive the real SU(2) Hamiltonian formulation from such an action [7]. Fermions were
also included in the canonical analysis. A necessary condition for a topological origin of γ
is thus satisfied. The canonical analysis leading to real SU(2) formulation has since been
extended to supergravities [8] as well as further inclusion of the other two topological terms
namely the Pontryagin and the Euler classes [9, 10].
Fermions are also tied with possible parity violations [6, 11]. There are two distinct no-
tions of ‘parity’: one related to orientation of the space-time manifold and one related to
the improper Lorentz transformation. Depending upon the definitions of the basic canon-
ical variables (with or without the sgn(e) factors in this work (section V)), the canonical
framework and the action are (non-)invariant under one of the notions of parity. These pos-
sibilities are not distinguished in the previous works. The work in [7] is a little incomplete
in the constraint analysis although the final results are correct. The constraint expressions
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are also not in a form which is suitable for loop quantization. This work seeks to fill these
gaps.
We re-derive the real SU(2) formulation including a Dirac fermion. The analysis is done
using restricted fields corresponding to ‘time gauge’. Elimination of the second class con-
straints, leads to the usual formulation. When a Dirac fermion is included, the solution of
the second class constraint leads to non-trivial Dirac brackets between the SU(2) connection
and the fermions. One can however make natural shifts in the definition of the connection to
recover the canonical brackets. This also simplifies the constraints. Four Fermi interaction
terms however survive in the Hamiltonian and are signatures of first order formulation. In
the second order formulation where fermions couple to the torsion free connection, there are
no terms quartic in the fermions.
The straightforward derivation also introduces factors of sgn(e) := sign(det(eIµ)) (which
equals Nsign(det(V ia )) in the time gauge parametrization) in appropriate places. For in-
stance, we are naturally lead to the definitions: Eai := sgn(e)
√
qV ai , A
i
a := sgn(e) K
i
a+ η Γ
i
a
(eqn. (14)). Under an improper orthogonal transformation (O(3)) acting on the index i, the
triad changes sign and so does the sgn(e) factor leaving Eai invariant. This is as it should be
since the index i on E represents adjoint representation of SO(3) while on V it represents
the defining representation. For SO(3), both are equivalent but not for O(3). Under an
inversion, Λi j = −δij , quantities in the defining representation change sign while those in
the adjoint don’t. The same reasoning applies to the definition of the connection. Now the
connection is also even under inversion. The sgn(e) factor also change the behaviour of Eai
and Aia under the action of orientation reversing diffeomorphisms. These factors of sgn(e)
however occur only in the intermediate derivations, the final form of constraints and basic
variables are independent of these factors.
The paper is organized as follows. Section II deals with the Hamiltonian formulation for
purely gravitational sector starting with the Hilbert-Palatini plus the Nieh-Yan action. Here
steps in the analysis are given and a gap in the constraint analysis in [7] is filled in. The
constraints are presented in the more standard form. The sign factors which appear in the
action itself, are followed through in all expressions. Section III deals with inclusion of a
single Dirac fermion. Constraint analysis as well as simplification of constraints is given here.
The section ends with the final form of the canonical formulation in the standard notation.
Section V discusses the two distinct notions of parities and the invariance properties of the
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action and the canonical framework. Section VI contains brief concluding remarks.
II. THE HAMILTONIAN FORMULATION
The starting point is a choice of (tensor/spinor) fields and a corresponding generally
covariant, local action on 4 dimensional space-time M ≃ R× Σ3. The next step is to carry
out a 3 + 1 decomposition to identify the Lagrangian which is a function of (tensor) fields
on Σ3 together with their velocities with respect to the chosen time coordinate. The fields
whose velocities appear in the Lagrangian are potentially the configuration space variables
while those without velocities appearing in the Lagrangian are Lagrange multipliers whose
coefficients will be primary constraints. This Lagrangian leads to the kinematical phase
space. Now a constraint analysis a la Dirac is performed. If there are second class constraints,
one may hope to simplify the analysis by solving the second class constraints. However, now
one must use the Dirac brackets. These may not have the canonical form for the remaining
variables (i.e. may not be Darboux coordinates) and a new choice of variables may be
necessary. This is particularly relevant for Lagrangians which are linear in the velocities
such as the Hilbert-Palatini-Nieh-Yan and the Dirac Lagrangians which typically do have
primary, second class constraints. The classical Hamiltonian formulation is completed when
the action is expressed in the Hamiltonian form together with first class constraints. We also
have fields coordinatizing the kinematical phase space (after the second class constraints are
eliminated) with the configuration space coordinates identified.
A. Pure gravity
We begin with the Lagrangian 4-forms built from the basic fields the co-tetrad eIµdx
µ and
the Lorentz connection ωIJµ dx
µ.
LHP(e, ω) = 1
2κ
[
sgn(e)
1
2
EIJKLRIJ(ω) ∧ eK ∧ eL
]
(1)
LNY(e, ω) =
[
T I(e, ω) ∧ TI(e, ω)− RIJ(ω) ∧ eI ∧ eJ
]
(2)
Lgrav := LHP + η
2κ
LNY (3)
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Here R := dω+ω ∧ ω and T := de+ω ∧ e are the usual curvature and torsion 2-forms1 and
κ = 8πG. The factor of sgn(e) is present because only then the Hilbert-Palatini Lagrangian
matches with the
√|g|R(g). This arises from noting that determinant of the co-tetrad is
given by, e =sgn(e)
√|g|.
A 3 + 1 decomposition can be expressed using,
d := d⊥ + d‖ := dt∂t + dx
a∂a
eI = eI⊥ + e
I
‖ , ω
IJ = ω IJ⊥ + ω
IJ
‖ etc (4)
which leads to,
Lgrav = 1
2κ
[
ΣIJ‖‖ ∧ d⊥
(
sgn(e)ω˜‖IJ − ηω‖IJ
)
+ 2ηT I‖‖ ∧ d⊥e‖I + 2ηeI⊥ ∧D‖TI‖‖ +
ω⊥IJ ∧
{
D‖
(
sgn(e)Σ˜IJ‖‖ − ηΣIJ‖‖
)
− 2ηeI‖ ∧ T J‖‖
}
+ eI⊥ ∧
{
eJ‖ ∧
(
sgn(e)R˜IJ‖‖ − RIJ‖‖
)}
+ surface terms] where, (5)
ΣIJ := eI ∧ eJ , D := d + ω∧ is the Lorentz covariant derivative and e is the determinant
of the co-tetrad, assumed to be non-zero. The ˜ denotes the Lorentz dual defined for any
quantity antisymmetric in a pair of Lorentz indices, XIJ , as,
X˜IJ :=
1
2
E IJKLXKL.
A 3+1 decomposition is carried out as usual by choosing a foliation defined by a time
function T : M → R and a vector field tµ∂µ, transversal to its leaves. The vector field is
normalised by t · ∂T = 1 so that the parameters of its integral curves, serve as the time
coordinate. Given such a decomposition, we choose a parametrization of the tetrad and the
co-tetrad as,
eIt = Nn
I +NaV Ia , e
I
a = V
I
a , n
InI = −1 , nIV Ja ηIJ = 0 ; (6)
etI = −N−1nI , eaI = N−1nINa + V aI , nIV aI = 0 ,
with V aI V
J
a = δ
J
I + nIn
J , V aI V
I
b = δ
a
b . (7)
1 Our conventions are such that (i) η = γ−1, our action matches with Ashtekar-Lewandowski (AL) action
including signs and factors. Our identification of Kia is same is that of AL while our Γ
i
a is minus that of
AL. To match with the standard notation we first change A→ ηA and then set η = γ−1. This results in
standard definition of F iab, our Gi → γ−1Gistd, the diffeomorphism and the Hamiltonian constraints remain
unchanged. The symplectic form becomes γ−1Eai ∂tA
i
a. Therefore the Poisson brackets also become the
standard ones.
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Expressing the wedge products in terms of the components, using dxt∧dxa∧dxb∧dxc :=
E tabcdxt ∧ dx1 ∧ dx2 ∧ dx3 and separating the IJ sums into (0i), (jk) sums, we write the
gravitational Lagrangian density as,
Lgrav = E
tabc
2κ
[
2V 0b V
i
c ∂t (sgn(e)ω˜a0i − ηωa0i) + V ib V jc ∂t (sgn(e)ω˜aij − ηωaij)
+ωt0i
{
Da
(
sgn(e)Σ˜0ibc − ηΣ0ibc
)
−Da
(
sgn(e)Σ˜i0bc − ηΣi0bc
)}
+ωtij
{
Da
(
sgn(e)Σ˜ijbc − ηΣijbc
)}
+N
{
n0
(
V ia
(
sgn(e)R˜0ibc − ηR0ibc
))
+
ni
(
−V 0a
(
sgn(e)R˜0ibc − ηR0ibc
)
+ V ja
(
sgn(e)R˜ijbc −R0ibc
))}
+Na
′
{
V 0
a′
(
V ia
(
sgn(e)R˜0ibc − ηR0ibc
))
+
V i
a
′
(
−V 0a
(
sgn(e)R˜0ibc − ηR0ibc
)
+ V ja
(
sgn(e)R˜ijbc − ηRijbc
))}]
+
1
κ
[
T aI∂tVaI + ωt0i
{−V 0a T ai + V iaT a0}+ ωtij {−V iaT aj}
+N
{
n0
(
DaT
a0
)
+ ni (DaT
a
i )
}
+Na
′ {
V 0a′ (DaT
a
0 ) + V
i
a′ (DaT
a
i )
}]
(8)
The terms in the last two lines, come from the torsion piece of the Nieh-Yan term. We
have also defined,
T aI :=
η
2
EabcT Ibc =
η
2
E tabc (∂bV Ic − ∂cV Ib + ω Ib JV Jc − ω Ic JV Jb ) (9)
We will now restrict to configurations such that ni = 0, n0 = −1. This also implies that
V 0a = 0 = V
a
0 and that V
a
i are invertible with V
i
a as the inverse
2. We also define the 3-
metric qab := V
i
aV
j
b δij (which is positive definite in classical theory) and denote q :=det(qab).
Many terms in the above equation drop out. In particular, there isn’t any time derivative
of Va0 in the last square bracket. We also promote the torsion components T
ai to new
independent variables Tˆ ai and V ia to Vˆ
i
a , for the terms in the last square bracket. The number
of variables is restored back by introducing two primary constraints: υia := Vˆ
i
a − V ia ≈ 0 and
τai := Tˆ
a
i − T ai ≈ 0 with ξai , φia as the corresponding Lagrange multipliers. Note that T a0 is
not promoted to a new variable. This simplifies the Lagrangian to,
Lgrav = E
tabc
2κ
[
V ib V
j
c ∂t (sgn(e)ω˜aij − ηωaij)
2 This would correspond to the choice of the so-called time gauge if we started without restricting the
configurations a priori.
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+ωt0i
{
Da
(
sgn(e)Σ˜0ibc − ηΣ0ibc
)
−Da
(
sgn(e)Σ˜i0bc − ηΣi0bc
)}
+ωtij
{
Da
(
sgn(e)Σ˜ijbc − ηΣijbc
)}
+N
{
V ia
(
sgn(e)R˜0ibc − ηR0ibc
)}
+Na
′
{
V i
a′
V ja
(
sgn(e)R˜ijbc − ηRijbc
)}]
+
1
κ
[
Tˆ ai∂tVˆai − ξai (Vˆ ia − V ia )− φia(Tˆ ai − T ai )
+ωt0i
{
Vˆ iaT
a0
}
+ ωtij
{
−Vˆ ia Tˆ aj
}
+N
{(
DaT
a0
)}
+Na
′
{
Vˆ ia′ (DaT
a
i )
}]
(10)
At this stage it is convenient to introduce new notations for certain combinations of the
components of the Lorentz connection as well as those of the (co)tetrad. These are,
Eai := e
(
et0e
a
i − etiea0
) ⇒ Eai = sgn(e)√qV ai (11)
Kia := ω
0i
a , Γ
i
a :=
1
2
E ijkω jka ⇒ (12)
ωaij = EijkΓka , ω˜a0i = Γia , ω˜aij = EijlK la (13)
and we have used e = Ndet(V ia ) = Nsgn(e)
√
q. Note that N > 0 implies that sgn(e) =
sgn(det(V ia )) and therefore we continue to use sgn(e) every where.
With these, the first velocity term becomes, 2Eai ∂t (sgn(e)K
i
a − ηΓia) suggesting the iden-
tification of a canonical pair, (Aia, E
a
i ) with
Aia := sgn(e)K
i
a − ηΓia (14)
The velocity terms become,
(Lgrav)velocity =
1
κ
{
Eai ∂tA
i
a + Tˆ
a
i ∂tVˆ
i
a
}
(15)
At this stage we have 10 Lagrange multiplier fields, N,Na, ω IJt and 18 canonical variables,
Aia, E
a
i while the co-tetrad and the Lorentz connection constitute 13 + 24 = 37 fields. Nine
more fields are yet ‘unaccounted’. If we define
η
ω IJa := sgn(e)ω
IJ
a + ηω˜
IJ
a ,
we can see that, Aia =
η
ω 0ia .
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The nine remaining variables, Mkl, ζ
k, are identified through the definition3,
η
ω ija :=
sgn(e)
2
(Eiaζ
j−Ejaζ i)+
1
2
E ijkMklEla , Mkl = Mlk , EiaEbi = δba , EiaEaj = δij . (16)
The 18 components of
η
ω IJa are organized as the 9 A
i
a, the 3 ζ
i and the 6Mkl. The components
K,Γ of the Lorentz connection ω can be expressed in terms of the A, ζandM using the inverse
formula,
ω IJa =
1
1 + η2
(
sgn(e)
η
ω IJa −
η
2
E IJKL
η
ω KLa
)
.
The K,Γ are given in terms of the independent canonical variables A, ζ,M as,
Kia =
1
1 + η2
{
sgn(e)Aia +
η
2
(
M ijE
j
a + sgn(e)E ijkEjaζk
)}
, Γia =
1
η
(sgn(e)Kia−Aia). (17)
For later convenience, we eliminate Γ in favour of K,A. We get,
Lgrav = 1
κ
[
Eai ∂tA
i
a + Tˆ
a
i ∂tVˆ
i
a
− ξai via − φiaτai − ΛiG0i − λkGk −NH−NaHa
]
, (18)
κvia := Vˆ
i
a − V ia , (19)
κτai := Tˆ
a
i − T ai , (20)
κG0i := −1
2
E tabc
[
Da
(
sgn(e)Σ˜0ibc − ηΣ0ibc
)
−Da
(
sgn(e)Σ˜i0bc − ηΣi0bc
)]
− Vˆ iaT a0 , (21)
κGk := 1
2
EkijGij := − Ekij
[E tabc
2
Da
(
sgn(e)Σ˜ijbc − ηΣijbc
)
− Vˆ ia Tˆ aj
]
, (22)
κHa′ := −V ia′
[E tabc
2
V ja
(
sgn(e)R˜ijbc − ηRijbc
)
+DaTˆ
a
i
]
, (23)
κH := −
[E tabc
2
V ia
(
sgn(e)R˜0ibc − ηR0ibc
)
+DaT
a0
]
(24)
In anticipation, we will refer to the G0i as the boost constraints, Gk as the rotation con-
straints,Ha′ as the diffeomorphism constraints andH as the Hamiltonian constraint although
at this stage the interpretation of the transformations generated by these is ambiguous. The
other two terms in the second line are the two additional primary constraints which identify
the canonical coordinates Tˆ, Vˆ with the torsion and the co-tetrad components respectively.
3 It is possible to bypass this decomposition and work directly with Kia and A
i
a as independent canonical
variables. The conjugate momenta of Mij , ζ
i will be subsumed by the conjugate momenta of Kia [10]. We
will however continue to use these variables.
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We have also used ωt0i := Λi, ωtij := Eijkλk. Straightforward algebra then leads to4,
G0i = sgn(e)∂aEai − sgn(e)ζ i − Vˆ iaT a0 (25)
Gk = η∂aEak + EkijAiaEaj + EkijVˆ ia Tˆ aj (26)
Ha′ := ηF ia′bEbi +
(
1 + η2
η
)
V ia′KibKjcV
j
a E bca
−V ia′
{
∂aTˆ
a
i −KaiT a0 + η−1EijkTˆ aj(sgn(e)Kka −Aka)
}
where, (27)
F iab :=
∂aA
i
b − ∂bAia
η
+
E ijkAjaAkb
η2
, (28)
H := −(∂aT a0 −KiaTˆ ai ) +
1
2
EbjE
c
k√
q
[
E jkl F lbc +
(
1 + η2
η2
){
(KjbK
k
c −KjcKkb )
−sgn(e)E jkl
(
η(∂bK
l
c − ∂cK lb) + E lmn(Amb Knc − Amc Knb )
)}]
(29)
As there are no velocities of Mij , ζ
k variables, we have their conjugate momenta πij ≈
0 ≈ πk as additional primary constraints. In Dirac’s terminology, the total Hamiltonian will
be the minus terms in the second line of eqn (18) plus linear combinations of πi ≈ πij ≈ 0.
All these are to be preserved during an evolution and this leads to secondary constraints
and determination of some Lagrange multipliers.
Consider the preservation of the constraints πi, πij, υ
i
a, τ
a
i ≈ 0. This leads to the equations:
{πk, Htot} ≈ 0 ≈
∫ [
Λi
δG0i
δζk
+ · · ·
]
(30)
{πkl, Htot} ≈ 0 ≈
∫ [
Λi
δG0i
δMkl
+ λi
δGi
δMkl
+Na
δHa
δMkl
+N
δH
δMkl
− φia
δT ai
δMkl
+ ξai × 0
]
(31)
{υia, Htot} ≈ 0 ≈
∫
{υia, τ bj }φjb + {υia ,
∫
ΛjG0j + λjGj +N bHb +NH} (32)
{τai , Htot} ≈ 0 ≈
∫
{τai , υjb}ξbj + · · · (33)
Now we note that δG
0i
δζk
= sgn(e)δik and {υia(x), τ bj (y)} = δij δba δ3(x, y) (1 + η2)−1. This
means that equation (30) can be solved for Λi, equation (32) can be solved for φ
i
a and
equation (33) can be solved for ξai . (This also means that (πi,G0j) and (υia, τ bj ) constraints
form second class pairs.) Furthermore, from the appendix, we note that the boost and the
rotation constraints are independent of Mkl and therefore the first two terms of eqn (31)
are zero. This equation will turn out to give a secondary constraint. These statements
4 We set κ = 1 for notational convenience. It will be restored back later.
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remain true also in the presence of fermionic matter. Let us use the abbreviation H¯ :=∫
NaHa +NH. Then, using equation (32), we obtain,
φia(x)
1 + η2
= −
{
υia(x),
∫
ΛiG0i + λiGi
}
− {υia(x), H¯} (34)
Now,
{υia, X} = {Vˆ ia − V ia , X} =
δX
δTˆ ai
+
sgn(e)√
q
(
V iaV
k
c
2
− V ic V ka
)
δX
δAkc
∀ X.
It is easy to see that for X =
∫
Λ · G+λ · G, the Poisson bracket with υia is weakly zero, with
or without matter (fermionic). Using these, the equation (31) becomes,
0 ≈ δH¯
δMkl
+ (1 + η2)
(
δT ai
δMkl
){
δ
δTˆ ai
+
sgn(e)√
q
(
V iaV
j
b
2
− V ib V ja
)
δ
δAjb
}
H¯ , (35)
δT ai
δMkl
=
η sgn(e)
2(1 + η2)
(δikV
a
l + δilV
a
k − 2δklV ai ) and (36)
δH¯
δTˆ ai
= ∂a(N
bV ib ) + E ijkV jb N bΓka +NKia so that, (37)
0 ≈
[
δ
δMkl
− η sgn(e)
2
(
Ekbδ
j
l + Elbδ
j
k
) δ
δAjb
]
H¯ (38)
+
η sgn(e)
2
(δikV
a
l + δilV
a
k − 2δklV ai )
{
∂a(N
bV ib ) + E ijkV jb N bΓka +NKia
}
The second line of the last equation is independent of matter contribution. These appear
only in the first line of that equation. Noting that the Mkl dependence in H¯ appears only
through Kia, we can trade derivative w.r.t. M
kl to that with respect to Kia. Furthermore,
the Aia, dependence is both explicit as well as implicit through K
i
a. This simplifies equation
(38) to,
(
Eakδ
i
l + Ealδ
i
k
) δˆH¯
δˆAia
≈ (δikV al + δilV ak − 2δklV ai )
{
∂a(N
bV ib ) + E ijkV jb N bΓka +NKia
}
(39)
On the left hand side, the δˆ signifies that only the explicit dependence on Aia is to be picked
up. The right hand side is independent of matter contributions. The sgn factors cancel out.
A somewhat lengthy but straight forward computation yields,
0 ≈ N
η2
Skl√
q
+
Na
η
(EakGl + EalGk) where, (40)
Skl
η
:=
1
1 + η2
{
sgn(e)(Mkl − δklM ii)− η(AakEal + AalEak − 2δklAiaEai )
}
+ Eabc (Vak∂bVcl + Val∂bVck) (41)
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All the dependence on the derivatives of the lapse and shift variables disappears. The
secondary constraint is just Skl ≈ 0:
0 =
η
1 + η2
{
sgn(e)M ij − η (AiaEaj + AjaEai)− δij (sgn(e)Mkk − 2ηAiaEai )}
+ ηEabc (V ia∂bV jc + V ja ∂bV ic ) ⇒ (42)
sgn(e)M ij = −(1 + η2)Eabc {V ia∂bV jc + V ja ∂bV ic − δijV ka ∂bVck}+ η (AiaEaj + AjaEai) (43)
When fermionic matter is added, this constraint gets modified and is discussed in the next
section.
There are no further tertiary constraints.
From eqn. (30), we notice that (πk,G0l) forms a second class pair of constraints, one of
which is a canonical variable. Defining a Dirac bracket relative to this pair will allow us to
set these constraints strongly equal to zero. Because πk is a canonical variable, the Dirac
brackets of variables other than πk, ζ
l, among themselves, coincide with the corresponding
Poisson brackets. This follows by noting (schematically),
∆ := {π,G(qi, pj, π, ζ)}
{f(qi, pj, π, ζ), g(qi, pj, π, ζ)}∗ := {f, g}+ {f, π}∆−1{G, g} − {f,G}∆−1{π, g}
⇒ {qi, pj}∗ = {qi, pj} , (44)
Since there is no explicit πk dependence in any of the remaining constraints, these ex-
pressions remain the same. We impose G0i = 0 strongly and eliminate ζ i = ∂aEai − Vˆ iaT 0a.
From eqn. (A21) of the appendix, this sets T ai = 1
2
SijV aj .
Similarly, (πkl, S
ij) form a second class pair hence we can define Dirac brackets relative
to these and impose these strongly. The constraints πkl being canonical variables, the Dirac
brackets among the remaining canonical variables remain the same as their Poisson brackets.
Once again, setting πij = 0 changes no expressions but S
ij = 0 gives M ij in terms of Aia and
Eai . Also S
ij = 0 implies that T ia = 0 and sets the τai = Tˆ
a
i ≈ 0.
But now we can define Dirac brackets relative to the (υia, τ
b
j ) second class pair. In this τ
a
i
is now a canonical variable and therefore the Dirac brackets among the remaining variables,
Aia, E
b
j , remain equal to their Poisson brackets.
When fermionic matter is included, the first two steps of elimination of second class
constraints will remain the same but with non-zero torsion and this will lead to non-trivial
Dirac brackets among the final set of variables in the third step.
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Note: Solving Sij = 0 and G0i = 0 strongly, determines Mij and ζk in terms of A,E.
Substitution in the expression for Γia (eqn. 17), leads to,
Γia = −
E bcd
2
Eaj(V
i
b ∂cV
j
d + V
j
b ∂cV
i
d − δijV kb ∂cVdk) +
E ijk
2
Eja∂bE
bk .
Using the identities, E ijkEak = EabcV ib V jc and E cab(V iaV jb −V ib V ja ) = E cabE ijkEkmnV ma V nb , one
can see that this is precisely the the usual expression for Γia in terms of the triad alone,
Γia =
E ijk
2
V bk
{
∂bVaj − ∂aVbj + V cj V la∂bVcl
}
. (45)
Thus, in the pure gravity case, we get the Hamiltonian formulation in terms of the
Aia, E
b
j variables with the original Poisson brackets, we are left with only the rotation, the
diffeomorphism and the Hamiltonian constraints and the total Hamiltonian is made up of
these alone. It remains to simplify the expressions for these constraints.
B. Simplification of Constraints
After the second class constraints are imposed, we get T 0a = −sgn(e) ηV ai Gi ≈ 0 ,
Tˆ ai = T
a
i ≈ 0 and Vˆ ia = V ia . The boost constraint, eqn. (25), is strongly zero and the
rotation constraint, eqn (26), takes the usual form:
Gi = η∂aEai + E ijkAjaEak. (46)
Consider the diffeomorphism constraint. The second term in equation (27) simplifies as,
1 + η2
η
V ia′KibKjcV
j
a E bca =
(
1 + η2
η
)
V ia′KbiKjcsgn(e)
EbkE
c
l√
q
E jkl
=
(
1 + η2
η
)
V ia′
sgn(e) KibE
b
k√
q
(−E jlkKjbEbl )
= −
(
1 + η2
η
)
V ia′KibV
b
k
[
sgn(e)
1 + η2
(
ηξk + EkjlAbjEbl
)]
= −
(
1 + η2
η
)
V ia′KibV
b
k Gksgn(e) (47)
∴ Ha′ = ηF ia′bEbi −
1
η
V ia′KibV
b
k Gk sgn(e) ≈ ηF ia′bEbi (48)
In the last but one line we have used the equation (A23).
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Next consider the Hamiltonian constraint (eqn.(29)), after using the expressions for tor-
sion.
H := 1
2
EbjE
c
k√
q
[
E jkl F lbc
]
− ∂a
(
sgn(e) ηV ai Gi
)
+
(
1 + η2
η2
)(
1
2
EbjE
c
k√
q
)[
(KjbK
k
c −KjcKkb )
−sgn(e) E jkl
{
η(∂bK
l
c − ∂cK lb) + E lmn(Amb Knc − Amc Knb )
}]
(49)
The K-dependent terms can be written as (after taking out the (1 + η2)/(2η2) factor) and
using
EbjE
c
k
Ejk
l√
q
= sgn(e)E bcaVal,
− 2sgn(e) ηE jkl∂b
(
EbjE
c
kK
l
c√
q
)
+ 2sgn(e) ηK lcEabc∂bVal
− 2sgn(e)√
q
(AiaE
am)EijkEkmn(KjbEbn) +
sgn(e)√
q
(KiaE
am)EijkEkmn(KjbEbn)
The total derivative term simplifies as,
E jklKclEck =
sgn(e)
1 + η2
[
E jklAclEck +
η
2
E jklElkmζm
]
= −sgn(e)
1 + η2
[E jklAckEcl + ηζj] = − sgn(e) Gj
∴ −E jkl∂b
(
EbjE
c
kK
l
c√
q
)
= ∂b(sgn(e) V
b
i Gi) (50)
Using the (43) equation for Mij and the boost constraint for eliminating ζ
i, we get,
sgn(e)KiaE
aj − AiaEaj = −
η
2
Eabc {2V ia∂bV jc − δijV ka ∂bVck} .
Writing AiaE
am = (AiaE
am − sgn(e)KiaEam) + sgn(e)KiaEam in the 3rd term, the algebraic
K−dependence simplifies to,
−EbjEck
(
KjbK
k
c −KjcKkb
)
.
Combining all the terms, the Hamiltonian constraint takes the simplified form,
H := 1
2
EbjE
c
k√
q
[
E jkl F lbc −
1 + η2
η2
(
KjbK
k
c −KjcKkb
)]
+
1
η
∂a
(
sgn(e)V ai Gi
)
. (51)
The total derivative term differs from eqn. 2.24 of [12], because that expression is derived
from the Holst action while ours is derived from the Hilbert-Palatini-Nieh-Yan action.
With this we recover the usual form of the constraints (in the time gauge) starting from
the Hilbert-Palatini action with Nieh-Yan terms added. In the next sub-section we add a
Dirac fermion minimally coupled to gravity.
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III. ADDITION OF A DIRAC FERMION
The Lagrangian we begin with is,
LDirac = − i
2
|e|
[
λ¯eµI γ
IDµ(ω,A, . . .)λ−Dµ(ω,A, . . .)λeµI γIλ
]
(52)
Dµ(ω)λ := ∂µλ+
1
2
ω IJµ σIJλ+ ie
′Aµλ+ . . . λ ,
Dµ(ω)λ :=
{
∂µλ
† +
1
2
ω IJµ λ
†σ†IJ − ie′Aµλ† + . . . λ†
}
γ0 (53)
The . . . refer to possible couplings of the Dirac fermion to other gauge fields eg the Maxwell
field. These are suppressed in the following. The conventions for the γI− matrices (space-
time independent) are given in the appendix A1. The factor in front of the Dirac Lagrangian
is −i because our metric signature is (- + + +). This is crucial for the Dirac brackets and
subsequent passage to quantization via ‘Quantum brackets = i~ Dirac brackets’ rule, with
the quantum brackets being realised on a Hilbert space.
For future convenience we introduce Ψ := q1/4λ, Ψ† := q1/4λ†. This absorbs away the
√
q factors in the Lagrangian as well as in the constraints. Note that the terms involving
the derivatives of
√
q cancel out. The λ fermionic variables being of density weight zero, the
Ψ fermionic variables are of density weight 1/2. From now on we will use the half density
variables.
Substituting the 3 + 1 parametrization of the tetrad and using the time-gauge, the
Lagrangian can be written as,
LDirac = i
2
(Ψ†∂tΨ− ∂t(Ψ†)Ψ− 1
2
ωtIJGIJF −Na
′HFa′ −NHF where,
G0iF = 0 , GFi = −
i
2
EijkΨ†σjkΨ (54)
HFa′ = −
i
2
(
Ψ¯γ0Da′Ψ−Da′Ψγ0Ψ
)
, HF = i
2
V ai
(
Ψ¯γiDaΨ−DaΨγiΨ
)
(55)
As in the vacuum case, the fermionic contribution to the boost and the rotation con-
straints is independent of K and hence of M and ζ . Hence, the ζ,G0i pair of second class
constraint can be eliminated in exactly the same manner as before leading to the same de-
termination of ζ and of course without affecting the Poisson brackets among the remaining
variables. Furthermore, as in the vacuum case, the Λi, λ
i, terms drop out from the equation
(31). The secondary constraint is thus determined from equation (39) with H¯ now including
the fermionic contribution. We only need to pick out the explicit A dependence.
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This is easily done and leads to,
(
Eakδ
i
l + k ↔ l
) δˆ
δˆAia
H¯F |A = i
2η
[
NaEakE mnl Ψ†σmnΨ+ k ↔ l
−sgn(e) N
2
√
q
{Emnl Ψ¯(γkσmn + σmnγk)Ψ + k ↔ l}
]
(56)
=
Na
η
(
EakGFl + EalGFk
)− sgn(e) N
η
√
q
(
δklΨ
†γ5Ψ
)
(57)
Adding these to the eqn. (39) gives,
N
η2
√
q
[
Skl − sgn(e) ηδklΨ†γ5Ψ
]
+
Na
η
[
EakGtotl + EalGtotk
] ≈ 0 (58)
Hence the secondary constraint becomes,
Sij ≈ sgn(e) ηδijΨ†γ5Ψ =: SFij (59)
and the solution for Mij becomes,
sgn(e) M ij = −(1 + η2)Eabc {V ia∂bV jc + V ja ∂bV ic − δijV ia∂bVci}+ η (AiaEaj + AjaEai)
−(1 + η
2)
2
sgn(e) δijΨ†γ5Ψ . (60)
After imposing the second class constraints strongly, we get,
Tˆ ai = T
a
i =
1
2
SijV
aj = sgn(e) η
V ai
2
Ψ†γ5Ψ
and this leads to non-trivial Dirac brackets. While we could simplify the remaining con-
straints as before, it turns out to be better to check the Dirac brackets relative to the
(υia, τ
a
i ) second class pair which suggests a new definition of A and simplifies the constraints
considerably.
For the fermions, the action being linear in velocities, we have primary constraints, πλ ∼
λ†, πλ† ∼ λ, which are second class. Also these variables fail to be Darboux coordinates - do
not have vanishing Poisson brackets5 with the gravitational variables due to the
√
q factor.
The shift to Ψ,Ψ† variables makes the matter and gravitational variables Poisson-commute.
Defining Dirac brackets relative to these primary, second class constraints allows us to use
5 strictly Generalised Poisson brackets [13], due to the Grassmann nature of the fermions.
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Ψ,Ψ† as basic variables with Dirac brackets given by6,
{Ψα(x), Ψ†β(y)}+ = − iδαβ δ3(x, y) (61)
Now we define Dirac brackets relative to the (υ, τ) constraints:
υia = Vˆ
i
a − V ia , τai = Tˆ ai −
1
2
SijV
aj = Tˆ ai −
sgn(e) η
2
V ai Ψ
†γ5Ψ .
{υia, υjb} = 0 = {τai , τ bj } , {υIa(x), τ bj (y)} = δijδbaδ3(x, y)
The Dirac bracket is defined as,
{f(x), g(y)}∗ := {f(x), g(y)} −
∫
dz{f(x), υia(z)}{τai (z), g(y)}
+
∫
dz{f(x), τai (z)}{υia(z), g(y)} . (62)
Due to the presence of the fermionic term in τai , the Dirac bracket between A and the
fermions is non-trivial while all other basic Dirac brackets remain the same as the corre-
sponding Poisson brackets. Specifically,
{Aia(x),Ψα(y)}∗ = −sgn(e)
i η
4
Eia(γ5Ψ)
αδ3(x, y) ,
{Aia(x),Ψ†α(y)}∗ = +sgn(e)
i η
4
Eia(Ψ
†γ5)αδ3(x, y) . (63)
This suggests that if we use,
Aia := A
i
a − sgn(e)
η
4
EiaΨ
†γ5Ψ ,
all Dirac brackets become standard Poisson brackets. Thus, while simplifying the constraints
we will first effect the shift A = A+ sgn(e) η
4
EΨ†γ5Ψ. This results in very natural expressions
for the constraints.
The solution (60) for M ij simplifies as,
M ij(A,E,Ψ) = M ij(A,E)− 1
2
δijΨ†γ5Ψ where, M(A,E) is defined in (43) , (64)
while the K,Γ simplify as,
Kia(A,E, ζ) = K
i
a(A,E, ζ) , Γ
i
a(A,E, ζ) = Γ
i
a(A,E, ζ)−
sgn(e)
4
EiaΨ
†γ5Ψ (65)
6 The minus sign in the basic Dirac bracket, is correlated with the sign in the Lagrangian. Upon quan-
tization, we will have anti-commutator, [Ψ,Ψ†]+ ∼ +~ which is consistent with the Hilbert space inner
product.
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The underlined functions are the functions obtained in the pure gravity case (‘torsion-free’).
In particular, Γia(A,E, ζ) = Γ(V ) as given in equation (45), when the second class constraints
are strongly solved. This is relevant for regularization of the Hamiltonian constraint later
on.
The shift of A does not affect the expression for the boost constraint (A12) since the
extra term is killed by the E . For the same reason the rotation constraint (A13) is also
unaffected.
The diffeomorphism constraint simplifies as follows. Recall eqn.(27),
Ha′ = ηF ia′bEbi +
1
η
V ia′A
k
aEijkTˆ aj − V ia′∂aTˆ ai
+
1 + η2
η
V ia′KibKjcV
j
a E bca − V ia′KaiT a0 −
sgn(e)
η
V ia′K
k
aEijkTˆ aj
− i
2
{
Ψ¯γ0Da′Ψ−Da′Ψγ0Ψ
}
(66)
where,
Tˆ ai = sgn(e)
η
2
V ai Ψ
†γ5Ψ , T a0 = −η sgn(e)V ai Givac ≈ sgn(e)ηV ai GiF , GiF = Ψ†γ5σ0iΨ
Da′Ψ =
(
∂a′Ψ− i
η
Aia′ γ5σ0iΨ
)
+Kia′
(
1 + sgn(e)
iγ5
η
)
σ0iΨ
Da′Ψ =
(
∂a′Ψ¯ +
i
η
Aia′ Ψ¯γ5σ0i
)
−Kia′ Ψ¯
(
1 + sgn(e)
iγ5
η
)
σ0i (67)
In the above expression, we have separated the K−dependent terms and also solved the
second class constraints.
The first step in simplification is to put Aia = A
i
a+sgn(e)
η
4
EiaΨ
†γ5Ψ. The K independent
pieces just have the A dependence being replaced by A dependence with one additional
term,
[K−indep. terms] (A) = [K−indep. terms] (A)− sgn(e)η
2
Eia′(∂aE
a
i )(Ψ
†γ5Ψ) (68)
The K−dependent terms combine to give,
[K−dependent terms] = − sgn(e)1
2
Eia′GFi (Ψ†γ5Ψ) (69)
In getting this simplification, we have used the boost constraint, the rotation constraint as
well as K = K(A,M, ζ) expressions.
The middle term of the first line of equation (66) and the last term of equation (68), com-
bine to give−sgn(e)1
2
Eia′Ψ
†γ5ΨGvaci . This in turn combines with the simplifiedK−dependent
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term to give a term proportional to the total rotation constraint which is weakly zero. Thus,
finally, we get the simplified diffeomorphism constraint as,
Ha′(A,E,Ψ) = ηF ia′b(A) Ebi −
i
2
{
Ψ¯γ0Da′Ψ−Da′Ψγ0Ψ
}
where, (70)
Da′Ψ :=
(
∂a′Ψ− i A
i
a′
η
γ5σ0iΨ
)
, Da′Ψ :=
(
∂a′Ψ¯− i A
i
a′
η
Ψ¯γ5σ0i
)
(71)
Notice that this is a simple additive form of the vacuum diffeomorphism and the Dirac
diffeomorphism constraint (coupled to the SU(2) gauge connection A). Four fermion terms
generated by the second class constraint have been neatly absorbed in the shifted A.
Lastly, we simplify the Hamiltonian constraint. Recall eqn.(29),
H = 1
2
EbjE
c
k√
q
E jklF lbc(A) + ∂aT a0 +
(
1 + η2
η2
)(
EbkE
c
l
2
√
q
){
KjbK
k
c −KjcKkb
−sgn(e)E jkl
(
η(∂bK
l
c − ∂cK lb) + E lmn(Amb Knc − Amc Knb )
)}
+ KiaTˆ
a
i (72)
+
i
2
V ai
{
Ψ¯γiDaΨ−DaΨγiΨ
}
(73)
As before, second class constraints have been solved and the K−dependent terms are sepa-
rated. Substitute Aia = A
i
a + sgn(e)
η
4
EiaΨ
†γ5Ψ. Thanks to eqn. (65), we replace everywhere
K → K. The A−dependent terms generate additional terms.
1
2
EbjE
c
k√
q
E jklF lbc(A) →
1
2
EbjE
c
k√
q
E jklF lbc(A) +
{Eabc
4
V la∂bEcl +
AiaV
a
i
2η
}
sgn(e) Ψ†γ5Ψ+
3
16
√
q
(
Ψ†γ5Ψ
)2
,
− sgn(e) 1 + η
2
η2
EbjE
c
k
2
√
q
E jklE lmn (Amb Knc −Amc Knb ) →
−sgn(e) 1 + η
2
η2
EbjE
c
k
2
√
q
E jklE lmn (Amb Knc − Amc Knb )−
1 + η2
2η
√
q
K iaE
a
i Ψ
†γ5Ψ ,
and,
i
2
V ai
{
Ψ¯γiDaΨ−DaΨγiΨ
}
(A,K) →
i
2
V ai
{
Ψ¯γiDaΨ−DaΨγiΨ
}
(A,K)− 3
8
√
q
(
Ψ†γ5Ψ
)2
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The K−dependent terns in the fermionic Hamiltonian and the torsion pieces combine to
give,
−sgn(e) EkijKiaEaj
GkF√
q
+ sgn(e) ∂a
(
ηV ai GiF
)
+
1 + η2
2η
√
q
KiaE
a
i
(
Ψ†γ5Ψ
)
The terms generated by the shift in A, simplify to,
KiaE
a
i
2η
√
q
(
Ψ†γ5Ψ
)− (1 + η2)KiaEai
2η
√
q
(
Ψ†γ5Ψ
)− 3
16
(
Ψ†γ5Ψ
)2
√
q
Using GkF = Gktot − Gkvac and dropping the term containing Gktot , leads to
H := 1
2
EbjE
c
k√
q
{
E jkl F lbc(A) +
1 + η2
η2
(
KjbK
k
c −KjcKkb
)}− ∂a (η sgn(e)V ai Givac)
−1 + η
2
η2
EbjE
c
k
2
√
q
E jkl
{
η
(
∂bK
l
c − ∂cK lb
)
+ E lmn (Amb Knc −Amc Knb )
}
sgn(e)
+
i
2
V ai
{
Ψ¯γiDaΨ−DaΨγiΨ
}
(A) (74)
− 3
16
(Ψ†γ5Ψ)
2
√
q
+
(
1
4
√
q
EabcV la∂bVcl +
1
2
√
q
AiaE
a
i
η
)(
Ψ†γ5Ψ
)
sgn(e) +
GkFGkF√
q
The first two lines of the above equation are exactly the same as the Hamiltonian for
vacuum case and therefore are simplified in exactly the same way as before. In particular,
the derivatives of K terms after partial integration, generates another total derivative term,
namely, (η−1+η)∂a(sgn(e)V ai Givac), which combines with the last term in the first line leaving
us with η−1∂a(sgn(e)V ai Givac). The k−dependent terms just produce minus the second term
in the first line as before.
The third line is the contribution from the Dirac Hamiltonian coupled to the A field while
the terms in the fourth line are the extra term including 4-fermions terms.
Using the relation,(
1
4
√
q
EabcV la∂bVcl +
1
2
√
q
AiaE
a
i
η
)
=
sgn(e)
2η
√
q
KiaE
a
i
The final form of the Hamiltonian constraint is,
H := 1
2
EbjE
c
k√
q
{
E jklF lbc(A)−
1 + η2
η2
(
KjbK
k
c −KjcKkb
)}
+
1
η
∂a
(
sgn(e) V ai Givac
)
+
i
2
V ai
{
Ψ¯γiDaΨ−DaΨγiΨ
}
(A) +
[(
1
2η
√
q
KiaE
a
i
)(
Ψ†γ5Ψ
)]
−
[
3
16
(Ψ†γ5Ψ)
2
√
q
− G
k
FGkF√
q
]
, where GiF = Ψ†γ5σ0iΨ (75)
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The Hamiltonian constraint thus consists of additive combination of the vacuum and
the Dirac Hamiltonian (coupled to A). However, unlike the diffeomorphism constraint (70),
there are the additional terms in the square bracket. These extra terms contain contributions
quartic in the fermions as well as quadratic in fermions. Notice that there are no explicit
factors of sgn(e) in the final expressions. The Kia appears which is the same as in the vacuum
case and therefore the properties needed in using the Thiemann identities in the quantization
of the gravitational Hamiltonian constraint continue to hold. We have also checked that if
the connection equations of motion for the spatial components are solved and the solution
for these torsion components are substituted back in the action, the above Hamiltonian is
recovered.
We close this section by reverting to the standard notation eg [12].
For this, we first substitute Aia → ηAia (and Kia → Kia). This removes the factors of η−1
from the definition of F iab given in eqn. (28). It also extracts a common factor of η from the
rotation constraint, Gi. The diffeomorphism and the Hamiltonian constraints remains the
same except for removing the factor of η−1 from the total derivative term in the Hamiltonian
constraint. The symplectic term, Eai ∂tA
i
a → (ηEai )∂tAia. And finally we put η = γ−1 and
restore κ (Recall the overall κ−1 factor in the Lagrangian density of eqn (18)).
Here are the final expressions:
P ai := (κγ)
−1Eai = (κγ)
−1sgn(e)V ai
√
q ; Aia = γsgn(e)K
i
a − Γia(V ). (76)
{Aia(x) , P bj (y)} = δbaδijδ3(x, y) , {Ψα(x) ,Ψ†β(y)}+ = − iδαβ δ3(x, y) . (77)
Gi = ∂aP ai + E kij AjaP ak −
i
2
EijkΨ†σjkΨ , σjk := 1
4
[γj, γk]; (78)
Ha = F iabP bi −
i
2
(
Ψ¯γ0DaΨ−DaΨγ0Ψ
)
, DaΨ :=
(
∂a − iAiaγ5σ0i
)
Ψ; (79)
H := κγ2 1
2
P bj P
c
k√
q
{
E jklF lbc(A)− (1 + γ2)
(
KjbK
k
c −KjcKkb
)}
+ γ∂a
(
sgn(e) Va
i
Gi
vac
)
+
i
2
κγ sgn(e)P ai√
q
{
Ψ¯γiDaΨ−DaΨγiΨ
}
(A) +
[(
κγ2
2
√
q
KiaP
a
i
)(
Ψ†γ5Ψ
)]
−
[
3
16
κ
(Ψ†γ5Ψ)
2
√
q
− κ(Ψ
†γ5σ0iΨ)(Ψ†γ5σ0iΨ)√
q
]
(80)
Note: Dimensionally, κ ∼ L2 , (A,K, ∂) ∼ L−1 , E ∼ L0 , P ∼ L−2 , (Ψ, Ψ¯) ∼
L−3/2 , G ∼ L−3 , (Ha,H) ∼ L−4.
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The inverse square root of q and Kia appearing above are manipulated exactly as in the
vacuum case. As remarked earlier, the A and K above correspond to the vacuum case for
which the Thiemann identities hold. Explicitly, the identities we would use are:
sgn(e)E bcaV ia = E ijk
EbjE
c
k√
det(Eai )
, q := (det(V ia ))
2 = det(Eai ) (81)
κγ
sgn(e)
2
V ia (x) =
{
Aia(x),
∫
d3y
√
q
}
⇒
E ijk E
b
jE
c
k√
det(Eai )
=
2
κγ
E bca
{
Aia(x),
∫
d3y
√
q
}
. (82)
HE(1) :=
κγ2
2
∫
P bj P
c
k√
q
E jkl F lbc , K :=
∫
d3y sgn(e)KiaP
a
i ⇒ (83)
K = (κγ3)−1
{
HE(1) ,
∫
d3y
√
q
}
, sgn(e)Kia(x) = {Aia(x) , K} (84)
These identities suffice to derive a quantization the Hamiltonian constraint from that of the
‘Euclidean Hamiltonian constraint’ (the first term in the Hamiltonian constraint) and of the
volume operator.
IV. ACTION OF CONSTRAINTS AND THEIR ALGEBRA
It is easy to see that the gauge constraint generates correct gauge transformation of the
basic fields. Specifically, with G(Λ) := ∫
Σ3
d3xΛiGi,
{Aia(x),G(Λ)} = −DaΛi = − ∂aΛi − E ijkAjaΛk (85)
{P ai (x),G(Λ)} = E kij ΛjP ak (86)
{Ψα(x),G(Λ)} = −iΛi(γ5σ0iΨ)α (87)
{Ψ†α(x),G(Λ)} = +iΛi(Ψ†γ5σ0i)α (88)
If we compute the infinitesimal action of the Ha constraint on the basic variables, we see
that it equals the Lie derivatives of the basic variables only up to an SU(2) gauge transfor-
mation. We are however free to modify the constraints by adding suitable combinations of
themselves. So we define the diffeomorphism constraint as:
C( ~N) :=
∫
Σ3
d3xNaCa with,
Ca := Ha − AiaGi = P bi ∂aAib − ∂b(AiaP bi ) +
i
2
(
Ψ†∂aΨ− ∂aΨ† ·Ψ
)
(89)
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which leads to the infinitesimal transformations,
{Aia(x), C( ~N)} = L ~NAia = ∂a(N bAib) +N b(∂bAia − ∂aAib) (90)
{P ai (x), C( ~N)} = L ~NP ai = N b∂bP ai − P bi ∂bNa + 1 · (∂bN b)P ai (91)
{Ψα(x), C( ~N)} = L ~NΨα = N b∂bΨα +
1
2
· (∂bN b)Ψα (92)
{Ψ†α(x), C( ~N)} = L ~NΨ†α = N b∂bΨ†α +
1
2
· (∂bN b)Ψ†α (93)
This implies that {var, ∫ NaCa} = LNa(var) for all variables. The Gauge constraint
already generates the correct gauge transformation of the basic variables. By inspection,
it follows that the gauge constraints (weakly) commute with the diffeomorphism and the
Hamiltonian constraint, the gauge constraint and the diffeomorphism constraints form sub-
algebras and the diffeomorphism constraint transforms the Hamiltonian constraint by the
Lie derivative. The non-trivial bracket is the bracket of two Hamiltonian constraints.
V. PARITY AND INTERNAL PARITY
Recall that we begin with the (co-)tetrad field eIµ, the Lorentz connection ω
IJ
µ and the
fermion fields λ, λ¯ (or Ψ, Ψ¯) defined over a manifold M ∼ R × Σ3 which is assumed to
be orientable. With the topology specified, M can be taken to be time-orientable with
respect to all the metric tensors constructed by the parametrization (6,7). Obviously, Σ3 is
orientable as well.
There are two distinct sets of discrete transformations: orientation reversing diffeomor-
phism of M and a O(1, 3) transformation with determinant = -1. We will keep the time
orientation fixed. Orientation reversing diffeomorphism of M will then be reversing the
orientation of Σ3. We will refer to these as parity transformations. The improper Lorentz
transformations ΛIJ , will also be taken so that detΛ = −1 and Λ00 = 1 and will be referred
to as an Lorentz parity transformation.
After going to the canonical framework in the ‘time gauge’, we have the fields Aia, P
a
i ,Ψ, Ψ¯
defined on Σ3. The parity transformations are the orientation reversing diffeomorphism
of Σ3 and the improper O(3) transformation, inversion (say) will be the Lorentz parity
transformation.
In the Lagrangian framework, the Hilbert-Palatini action (also the Euler and the cos-
mological terms) are invariant under both sets of transformations while the Nieh-Yan (as
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well as the Pontryagin and the Holst) actions change signs under parity but are invariant
under Lorentz parity. Hence the combined action is invariant under Lorentz parity and
non-invariant under parity.
The variables of the canonical framework are defined in terms of those of the Lagrangian
framework. These definitions of the SU(2) connection in terms of K and Γ and the conju-
gate momentum in terms of the triad are consistent with the SO(3) gauge transformation
extended to include the Lorentz parity. Thus the triad which transforms by the defining
representation changes sign under Lorentz parity. The ‘densitized triad’ (or the conjugate
momentum) transforms by the adjoint representation and should be invariant under Lorentz
parity. The sgn(e) factor in their definitions precisely takes care of this. The same can be
seen in the definition of the connection. It is easy to see that the symplectic structure and
the constraints (vacuum) are all invariant under Lorentz parity.
When fermions are included, these are scalars under diffeomorphism and transform as
Ψ → γ0Ψ under Lorentz parity. All the constraints including fermions are invariant under
Lorentz parity. This is true in both the Lagrangian and the canonical frameworks.
With regards to parity the situation is different. The action is not invariant under par-
ity, due to the Nieh-Yan term. In the canonical framework, the connection is not simply
even/odd under parity since the K term changes sign while the Γ does not. The ‘densitized
triad’ also acquires an extra minus sign under parity (behaves as a ‘pseudo-vector of weight
1’). The symplectic structure thus is not invariant. The constraints also are not invariant
under parity. This is consistent with the non-invariance of the action.
The action is invariant under parity combined with γ → −γ. Our definitions have the
appropriate factors of γ to restore the simple (even) behaviour of the basic canonical variable
resulting also in the invariance of the Poisson brackets and constraints.
In short, Lorentz parity is an invariance of the action as well as the canonical framework
and parity is not. However, parity combined with γ → −γ is an invariance of both action
and the canonical framework. It is not our intention to suggest that the combined operation
be a physical symmetry (which depends on the quantum theory), but it is useful in checking
the algebra.
One could try to change the definitions of the basic variables by dropping the sgn(e)
factors. This will result in expressions which can be obtained from the above by putting
sgn(e) = 1. This will restore the ‘densitized triad’ to its usual density weight 1 vector density
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status and the connection to its 1-form status. The canonical framework is then invariant
under parity (without changing sign of γ). The action however is still not invariant.
Under Lorentz parity, the connection does not have simple behaviour and the conjugate
momentum will be odd. This results in non-invariance of the canonical framework. The
action however is still invariant under Lorentz parity. If the sign of γ is changed along
with the Lorentz parity transformation, then the basic variables are even, the symplectic
structure is invariant and so are the constraints and the action. Thus, the definitions without
the sgn(e) factors, interchanges the role of Lorentz parity and parity appropriately combined
with γ → −γ.
With two different definitions (with and without the sgn(e) factors), we can ensure either
invariance of the canonical framework under parity or under Lorentz parity and this is
independent of minimally coupled fermions. The action however unambiguously remains
invariant under Lorentz parity and non-invariant under parity. Which of these is more
appropriate?
Observe that if we were to consider formulation in terms of the metric tensor, then the
notion of Lorentz parity is not even definable as there is no internal Lorentz transformation.
On the other hand, existence of fermions (spinorial fields) requires an orientable manifold and
using the tetrad formulation making the Lorentz parity notion available. If the orientation
of the manifold is regarded as a fixed background structure, then parity transformation is
excluded by definition and Lorentz parity alone is available. Which of these is relevant from
an observational point of view is not very clear and so also the issue of ‘parity violation’ via
gravitational interactions.
VI. CONCLUDING REMARKS
The next natural step is the loop quantization of the fermions with interacting gravity.
The kinematic Hilbert space of this system has been already constructed [2]. The procedure
given by Thiemann can be followed in toto. The extra feature, not available in Thiemann’s
discussion are the quartic terms in the fermionic sector. Their regularization has been given
in [6] and we don’t have any thing new to add to this.
In summary, we have presented a canonical form of a Dirac fermion, minimally coupled to
the tetrad form of gravity including the Nieh-Yan term. The Canonical analysis shows that
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the coefficient of the Nieh-Yan term is the inverse of the usual Barbero-Immirzi parameter
while the topological nature of the Nieh-Yan term guarantees its non-appearance in the
classical equations of motion. One could consider additional non-minimal couplings, not
affecting the symplectic structure, but these will not change the status of the Barbero-
Immirzi parameter. We saw the natural appearance of the sgn(e) factors which also serve
to give definitions consistent with the two distinct notions of parity and Lorentz parity.
There is no Lorentz parity violation either in the Lagrangian framework or the Hamiltonian
framework for this system. As noted earlier, among matter fields, fermions alone are sensitive
to the SU(2) action and contribute to the rotation (Gauss) constraint. Its implications for
the homogeneous, diagonal models has already been explored by Bojowald and Das [6]. For
the same reasons, fermions are likely mediators in the black hole evaporation process. Due to
the role of fermions in the chiral anomalies in the usual quantization, they are also probes to
see how loop quantization does or does not accommodate chiral anomalies. For exploration
and elaboration of these issues, it is necessary to have a sufficiently precise control over the
fermion-gravity system and classical analysis is the first step in this direction.
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Appendix A
1. Notation and Conventions
The basic fields are the co-tetrad eIµ, the Lorentz connection ω
IJ
µ and a Dirac spinor λ
α.
The co-tetrad is taken to be non-degenerate and defines a metric gµν := e
I
µe
J
νηIJ , ηIJ =
diag(−1, 1, 1, 1). The general coordinate indices, µ, ν . . ., are raised/lowered with gµν , gµν
while the Lorentz indices, I, J, . . ., are raised/lowered with ηIJ , η
IJ .
e := det(eIµ) :=
1
4!
EµναβEIJKLeIµeJν eKα eLβ , E tabc = 1 = E0123 ; (A1)
eE IJKL = −EµναβeIµeJν eKα eLβ (A2)
2eΣµνIJ := e(e
µIeνJ − eνIeµJ) =
1
2
EµναβEIJKLeKα eLβ (A3)
∼
XIJ :=
1
2
E IJKLXKL ,
∼
∼
X = −X (A4)
T Iµν := Dµe
I
ν −DνeIµ , DµeIν := ∂µeIµ + ω Iµ JeJν , (A5)
RIJµν := ∂µω
IJ
ν − ∂νω IJµ + ω Iµ Kω KJν − ω Iν Kω KJµ ,
2ηIJ1 = γIγJ + γJγI , σIJ :=
1
4
[
γI , γJ
]
, γ5 := iγ
0γ1γ2γ3 (A6)
λ¯ := λ†γ0 , γ†I = γ
0γIγ
0 , E jki σjk = 2iγ5σ0i , (A7)
Dµ(ω)λ := ∂µλ+
1
2
ω IJµ σIJλ , Dµ(ω)λ :=
{
∂µλ
† +
1
2
ω IJµ λ
†σ†IJ+
}
γ0 . (A8)
An explicit representation for the Dirac matrices is chosen to be,
γ0 :=

 0 −1
1 0

 , γi :=

 0 σi
σi 0

 , γ5 :=

 1 0
0 −1

 . (A9)
2. Torsion Components
The torsion is defined geometrically as the covariant derivative of the co-tetrad. These
involve the components of the Lorentz connection which have been obtained as functions of
the canonical variables A,E,M, ζ . Similarly the boost and the rotation constraint are also
expressed as functions of A,E, ζ . Eliminating ζ and some combinations of E , A, E, we can
express the torsion in terms of the constraints and the Vˆ, Tˆ variables. Subsequently, we will
set Vˆ = V and Tˆ = T to simplify the expressions for the torsion as well as the constraints.
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The equations are,
T a0 :=
η
2
EabcT 0bc = ηEabcKbiV ic (A10)
T ai :=
η
2
EabcT ibc = ηEabc
(
∂bV
i
c + E ijkΓkbV jc
)
(A11)
G0ivac = sgn(e)(∂aEai − ζ i)− Vˆ iaT a0 (A12)
Gvack = η∂aEak − EkijAiaEaj + EkijVˆ ia Tˆ aj (A13)
Substitution of,
EabcV kc = sgn(e)
√
qE ijkV ai V bj (A14)
KaiE
a
j =
1
1 + η2
[
sgn(e)AaiE
a
j +
η
2
Mij +
η
2
sgn(e)Eijkζk
]
(A15)
ΓaiE
a
j =
1
1 + η2
[
−ηAaiEaj +
sgn(e)
2
Mij +
1
2
Eijkζk
]
(A16)
leads to, (using Eai = sgn(e)
√
qV ai and E
i
a = sgn(e)V
i
a/
√
q)
T a0 = − η
1 + η2
V ai sgn(e)
{
ηζ i + E ijkAbjEbk
}
= −ηV ai
(
sgn(e)Givac − ηG0ivac
)
+ η sgn(e)E ijkV ai Vˆ jb Tˆ bk (A17)
T aiV ja + T
ajV ia =
η
1 + η2
{
sgn(e)
(
M ij − δijMkk
)− η (AiaEaj + AjaEai − 2δijAkaEak)}
+ ηEabc (V ia∂bV jc + V ja ∂bV ic )
= Sij [See eqn.(41)] (A18)
T aiV ja − T ajV ia = ηE ijk
[
∂bE
bk +
η
1 + η2
EkmnAmb Ebn −
ζk
1 + η2
]
=
η2
1 + η2
(
Tˆ aiVˆ ja − Tˆ ajVˆ ia
)
+
η
1 + η2
[
sgn(e)E ijkV ka T a0 + E ijk
(
ηGkvac + sgn(e)G0kvac
)]
=
η
1 + η2
E ijk
{
ηEkmnTˆmVˆ n + sgn(e)V ka T a0 + ηGkvac + sgn(e)G0kvac
}
(A19)
∴ T aiV ja =
1
2
Sij +
η
2
sgn(e)E ijkG0kvac (A20)
In the last line of the equation(A19) we have used equation (A17). Now if we further put
Tˆ = T, Vˆ = V , T a0 simplifies to give,
T a0 = − η sgn(e)V ai Givac , T ai =
1
2
SijV aj + sgn(e)
η
2
E ijkV aj G0kvac (A21)
Using these in the expressions of the boost (A12) and the Gauss constraints (A13), lead to,
G0ivac = sgn(e)
[
∂aE
ai − ζ
i
1 + η2
+
η
1 + η2
E ijkAjaEak
]
(A22)
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Givac =
η
1 + η2
ζ i +
1
1 + η2
E ijkAjaEak (A23)
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